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Abstract
In the quest of the critical solution for scalar field collapse in 2+1
gravity with a negative cosmological constant, we present a one parame-
ter family of solutions with continuous self similar (CSS) behaviour near
the central singularity. We also discuss linear perturbations on this back-
ground, leading to black hole formation, and determine the critical ex-
ponent.
Recent numerical investigations [1, 2] of near-critical scalar field collapse
in 2+1 dimensional AdS spacetime show a continuous self-similar (CSS) be-
haviour near the central singularity and power law scaling for the black hole
mass. Garfinkle [3] found that this behaviour is well approximated, at inter-
mediate times, by a member of a one-parameter family of exact CSS solutions
to the equations with vanishing cosmological constant Λ. However the exten-
sion of these solutions to Λ 6= 0, necessary to explain black hole formation (as
vacuum black holes exist only for Λ < 0 [4]) is a hard problem which has not
been solved up to now.
By a limiting process, we have derived from these solutions a new class of
CSS solutions which can be extended to Λ 6= 0. These solutions
ds2 = dudv − (−u)2/(1+c
2)dθ2,
φ = −
c
1 + c2
ln(−u) (1)
present for c2 ≤ 1 a point singularity (u = 0, v = +∞), and for c2 < 1 a
null line singularity u = 0. They can be extended to exact solutions of the
Λ = −l−2 < 0 equations by means of the ansatz
ds2 = e2σ(x)dudv − (−u)
2
c
2+1ρ2(x)dθ2, φ = −
c
c2 + 1
ln |u|+ ψ(x) , (2)
where x = uv, with the initial conditions ρ(0) = 1, σ(0) = ψ(0) = 0. These
extended solutions inherit the CSS behaviour close to the central singularity,
and have the correct AdS behaviour at spatial infinity.
To show that these quasi-CSS solutions are indeed threshold solutions for
black hole formation, we study their linear perturbations. Expanding these
in modes (−u)−k/(1+c
2) and keeping only one mode, the perturbed perimeter
function r = (−gθθ)
1/2 reads (similar expressions hold for σ and φ)
r = (−u)1/(c
2+1)(ρ(x) + (−u)−k/(c
2+1)r˜(x)). (3)
The eigenmodes are determined by enforcing appropriate boundary conditions:
(A) on the line u = 0, the perturbed metric should not diverge too quickly;
(B) on the line v = 0 (x = 0) the perturbed solution should smoothly match
the background (r˜(0) = σ˜(0) = φ˜(0) = 0) and be extendible (i.e. analytical);
(C) the perturbations should not blow up on the AdS boundary. It turns out
that this last condition is always satisfied up to gauge transformations.
The case c = 0 is at the same time simple and interesting. In this case
the scalar field decouples, φ = 0, and the corresponding quasi-CSS solution
is the vacuum BTZ [4] solution. The linear perturbation equations with our
boundary conditions lead to a unique solution, with to the eigenvalue k = 2.
This solution is found to be an exact linearization inM of the BTZ black hole,
written as
ds2 = ρ(dudv − u2dθ2), ρ = (1 + uv/4l2)−2, (4)
with the perimeter function r = −u(ρ+ M4 u
−2xρ).
In the case of genuine scalar perturbations, our boundary conditions lead
to two possible modes ka = c
2 + 3/2 and kb = c
2 + 2. For the a mode the
singularity and the apparent horizon appear simultaneously on the null line
u = 0 at the time v = 0 and evolve in the region v > 0 in a physically
meaningful way, while for the b mode the singularity still appears for v = 0,
but the apparent horizon seems to be eternal, as in the case of the static BTZ
black hole. We argue that this last solution, which cannot describe actual
gravitational collapse with regular initial conditions, should be excluded as
unphysical, leaving only one growing mode a.
The critical exponent is related to the eigenvalue k by γ = 1/k. In the BTZ
case c = 0 we obtain γ = 1/2. In the scalar field case, choosing the critical
value c2 = 1 we obtain for the a mode γ = 0.4. This value differs signicantly
from those found in the numerical analysis, i.e. γ ∼ 1.2 in [1] and γ ∼ 0.81 in
[2], showing that further work is therefore needed in order to clarify this issue.
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